We study the mixing of two complex boson fields with different masses in Rindler spacetime. We find that the Bogoliubov transformation associated with field mixing combines in a non-trivial way with the thermal Bogoliubov transformation associated to the uniformly accelerated observer (Rindler observer): as a result, the spectrum of Unruh radiation gets modified.
Introduction
Mixing transformations for quantum fields [1] have been found to be non-trivial, since they are associated to inequivalent representations of the canonical commutation relations [2] . This has been shown first in the case of Dirac fermions [3] and later for other fields [4, 5, 6] . The reason for such a somewhat unexpected result resides in the fact that the mixing transformations for fields with different masses, which are just a rotation at level of fields, actually hide Bogoliubov transformations at level of creation/annihilation operators. This in turn induces a drastic change into the vacuum structure, which becomes a condensate of particle/antiparticle pairs. These studies have been carried out only in Minkowski spacetime. It arises thus the question how the above structure appears in general frame, and in particular for the case of a uniformly accelerated observer -Rindler spacetime. In this case, it is well known that the quantization of a free field leads to Bogoliubov transformations relating the ladder operators for Rindler and Minkowski observers and giving rise to the celebrated Unruh effect, i.e. the detection of thermal radiation by a uniformly accelerated observer [7] - [12] .
In this paper we consider the quantization of mixed fields in Rindler spacetime in the simplest case of two boson fields with different masses. Despite of such minimal setting, a rich mathematical structure arises, due to the combination of the two different Bogoliubov transformations involved (the one associated to mixing, the other to Rindler spacetime). The main result of our analysis is a modification of the number spectrum of particles in Unruh radiation induced by the mixing terms.
In the following we first quantize free fields in Minkowski spacetime in the hyperbolic basis, in which boost generator is diagonalized. Then we discuss the quantization for a free field in Rindler spacetime and finally we consider mixed fields for an accelerated observer. A preliminary result about the correction to Unruh effect due to mixing terms is given.
Field operator in hyperbolic representation
We consider a free complex scalar field φ with mass m in a four-dimensional Minkowski spacetime
where the operators a k andā k are assumed to obey the canonical commutation relations,
with all other commutators vanishing. These operators can be interpreted as annihilation operators of Minkowski particle and antiparticle, respectively. The Minkowski vacuum |0 M is defined by
The mode U k (x) in Eq. (1) is a plane-wave of the type
where
This mode is said to be of positive frequency with respect to the Minkowski time x 0 , since it depends on
and it is a solution of the Klein-Gordon equation (we use the metric η µν = diag(+1, −1, −1, −1))
Moreover the modes (4) are normalized with respect to the Klein-Gordon (KG) inner product
where we have implicitly assumed that the integration is performed on a hypersurface of constant x 0 . In fact, we have
The Hamiltonian and momentum operator are easily expressed in terms of operators (2) . They are, respectively
Therefore, with the particular choice of the plane-wave basis, the field quanta carry momentum k and energy ω k . In this basis, however, other physically relevant operators like the angular momentum, are not diagonal. The diagonalization of the angular momentum is obtained by expanding the field in the spherical wave basis (see, for example, [13] ). Now we are interested in the diagonalization of the generator of boosts [12] . We start from the expression of the generators of Lorentz transformations
The generator of boost (for example along the x 1 axis) is the (1, 0) component of the above tensor. Using the standard expression for the stress tensor T µν
and substituting the Minkowski expansion (1) of the field, one obtains [14] M (1, 0) 
The presence of the k 1 derivative shows that the generator of boost in plane-wave representation is nondiagonal. We then introduce the following operators [12] :
where k = (k 2 , k 3 ), Ω is a positive parameter and σ = ± (the physical significance of Ω and σ will be clarified in Section 3). The function p 
It is possible to show that the set of functions p 
We note that d
are linear combinations of the Minkowski annihilation operators alone. Therefore they also annihilate the Minkowski vacuum,
Moreover, by virtue of Eqs. (17) , they satisfy the canonical commutation relations, 
Substituting Eq.(21) into Eq.(13), we find
This shows that the new Minkowski particles d
diagonalize the generator of boosts. Note that, since a boost transformation involves both time and space coordinates, the Hamiltonian operator preserves its diagonal structure provided that it is expressed in terms of the new time coordinate (as we shall see later).
Now we want to determine the expression of the modes associated with the operators d
For this purpose, let us consider the field expansion (1). After inserting Eq.(21), we obtain
with U k (x) defined in Eq.(4). The last integral is explicitly solved in Appendix; introducing the hyperbolic (or Rindler) coordinates (η, ξ), related to the Minkowski coordinates by
where K iσΩ (µ k ξ) is the modified Bessel function of second kind and
It can be shown that the set of modes U
is complete and orthonormal with respect to the Klein-Gordon inner product, i.e.
Moreover it is interesting to note that, with respect to the Minkowski coordinates, the conserved quantity associated to these new field quanta is the relativistic generalization of the so-called center of mass (see for example [15] ).
From Minkowski to Rindler
The foregoing discussion is completely within the usual framework of the Minkowski quantization.
We now describe an alternative scheme first discussed by Fulling [9] and called the Rindler-Fulling quantization (note that in this Section we will closely follow Ref. [12] ). For this purpose, we make use of the coordinates (25) (observe that x = (x 1 , x 2 ) is common to both sets of coordinates). The line element
takes the form
We remark that the Rindler coordinates cover only two portions of Minkowski spacetime, namely the "positive"(or right) Rindler wedge, if ξ > 0:
and the "negative"(or left) Rindler wedge, if ξ < 0:
Since the metric in the Rindler coordinates does not depend on η, the vector
is a timelike Killing vector. Using Eq.(25), it follows that
i.e., B is the boost Killing vector.
In order to understand the physical relevance of the Rindler coordinates, we now consider a world line such that
where τ is the proper time measured along the line. Substituting Eq.(36) into the line element (30), we find that
Therefore, for an observer moving along the line (36), the Rindler time η is the same as the proper time τ up to the scale factor a. Combining this result with Eq.(35), we find that the time evolution of this observer actually an infinite succession of Minkowski boost transformations. The hypersurfaces η = const describe events which are simultaneous from the point of view of this observer. We also note that, by our convention, η(τ ) is a decreasing function of τ if a < 0, which occurs when the world line lies in the negative wedge R − . Coming back to the Minkowski coordinates, the world line (36) takes the form This is an hyperbola in the (x 0 , x 1 ) plane with asymptotes x 0 = ± x 1 (see figure below) . Varying a, we obviously obtain different hyperbolas with the same characteristics. We can think at the Rindler spacetime as the collection of these world lines. It is not difficult to show that Eq.(38) represents the world line of an uniformly accelerated observer with proper acceleration |a| (see, for example, [10] ), and this is the reason why Rindler spacetime is generally regarded as the "natural"manifold in which to describe accelerate motion. When a is positive, the accelerated observer will be referred to as the Rindler observer.
One may now wonder which is the most important difference between the Minkowski and the Rindler metrics. About this, we note that a Rindler observer, namely a uniformly accelerated observer in R + , is causally separeted from R − . In addition he cannot receive any signal from the future wedge (x 0 > |x 1 |). Therefore, the null hyperplane x 0 = |x 1 | appears to him as a future event horizon (in the same way, it is easy to show that the null hyperplane x 0 = −|x 1 | appears to him as a past event horizon). Clearly for a Minkowski observer there is no horizont at all! In what follows we will also denote the set of coordinates (η, ξ, x) by x; therefore the symbol x refers to a spacetime point, rather than its representative in a particular coordinate system.
After these general considerations about the Rindler metric, we work in the Rindler coordinates to solve the Klein-Gordon equation (7) , which then takes the form
We look for solutions which are of positive frequency with respect to the Rindler time η where σ = + refers to the positive wedge R + (Eq.(31)) and σ = − to the negative wedge R − (Eq.(32)), θ is the Heaviside step function and the subscript k stands for (Ω, k). According to our previous considerations, we remark that the θ function has been inserted in Eq.(40) in order to restrict these modes to only one of the two causally separeted wedges (R + for σ = + and R − for σ = −).
Observe that the reason why we have chosen u
(and not u
is that the boost Killing vector B, Eq.(33), is future oriented in R + , while it is past oriented in R − .
In order to determine the expression of h (σ)
k , we substitute Eq.(40) into (39); it follows that
This is again solved in terms of modified Bessel functions of second kind; in particular, requiring that these functions are delta-normalized, one obtains (see [12] for details)
with R k = (αµ k /2) −iΩ Γ(iΩ)/|Γ(iΩ)| k } is orthonormal with respect to the KG inner product. To see this, we note that in the Rindler coordinates Eq.(8) reduces, if the integration is performed on a hypersurface of constant η, to
By virtue of the h (σ) k normalization, this formula gives
Now we are ready to describe the Rindler-Fulling quantization scheme. For this purpose, by exploiting the completeness of the Rindler modes, we take the following expansion for the Klein-Gordon field
where the subscript k stands for (Ω, k) as discussed above. Observe that, although the Minkowski expansion (1) holds for all the points of spacetime, the Rindler expansion (48) is valid only in 
with other commutators vanishing. They are called annihilation operators of Rindler-Fulling particles and antiparticles, respectively. The Rindler-Fulling vacuum |0 R is defined by
To conclude this Section, we observe that, by expressing the Minkowski Hamiltonian (10) in terms of b
k , we obtain the Rindler-Fulling Hamiltonian H R :
The minus sign in front of H (−) R is due to the fact that B is past oriented in R − . We will have more to say about H R in the next Section.
Unruh effect
Let us now study the connection between the Minkowski and the Rindler-Fulling quantization schemes. For this purpose we equate the two alternative expansions (1) and (48) for the field on a spacelike hypersurface Σ which lies in the Rindler manifold R ± (for instance Σ may be chosen to be the hyperplane of constant η). Forming the Klein-Gordon inner product of the field φ with the Rindler mode u 
where α (σ)
are the so-called thermal Bogoliubov coefficients. Similarly forming the inner product of φ with u (σ) * k , we obtainb
The relation (56) follows from the (53) on interchange of particles with antiparticles, as it should. The explicit calculation of the coefficients (54) is performed in [12] ; it gives α (σ) We recall that the first subscript k of α and β on the right-hand side stands for (Ω, k) while the second subscript k ′ for (k ′ 1 , k ′ ). Substituting Eqs.(57) and (58) into the transformation (53), we can rewrite it into a very transparent form, b
where the operator d (σ) Ω, k has been defined in Eq. (15) and
We remark that the same result, up to an irrelevant 2 global phase factor, can be obtained by equating expansions (23) and (48) and forming the inner product of both sides with the Rindler mode u (σ) k . Moreover, by adopting the notation
it follows from Eq.(59) that
This shows that
i.e., the Rindler Hamiltonian H R also generates boost. This also could have been predicted from Eqs.(33) and (35). To be precise, the identity (64) is valid on the Rindler manifold R + ∪ R − ; therefore H R is the restriction of M (1, 0) to R + ∪ R − . Now, by using the Bogoliubov transformation (59) and recalling that d (σ) k annihilates the Minkowski vacuum, we can calculate the expected number of the Rindler-Fulling particles in this state, i.e. 3 0
k . We thus deduce a striking property: the expected number spectrum of the Rindler-Fulling particles in the Minkowski vacuum is given by the Bose distribution function. By using Eq.(60) and recalling that the proper energy of the Rindler particles seen by an observer with acceleration a is aΩ (since his proper time τ is related to the Rindler time η by Eq.(37)), we find that In summary, for a uniformly accelerated observer, the Minkowski vacuum is seen to be equivalent to a thermal bath with temperature T proportional to the magnitude of the acceleration. This temperature is called Davies-Unruh temperature.
Mixing of boson fields in Minkowski and Rindler spacetime
Flavor mixing in QFT has been widely analyzed in the last two decades both for fermion [3] and boson [4] cases. Here we start with the study of the simplest possible case, i.e. the mixing of two boson fields "seen" by a Minkowski observer. For this purpose, we define the mixing relations as
where generically we denote the mixed fields with suffices A and B and θ is the mixing angle. φ i (x), i = 1, 2, are free complex fields with masses m i . Their conjugate momenta are
and the commutation relations are the usual ones:
with the other equal-time commutators vanishing. The Fourier expansions of φ i (x) are defined in Eq.(1), while the expansions of momenta can be obtained by Eq.(69). The (Minkowski) vacuum state is now generalized as
where |0 M i is the vacuum state for field with mass m i . Exploiting the completeness of the sets {U k,1 , U * k,1 } and {U k,2 , U * k,2 }, we can now adopt for the mixed fields the following expansions
Using the orthonormality condition (9) of the Minkowski modes, it is easy to verify that the flavor operator a k,A is given by
In order to explicitly evaluate this inner product, we substitute Eq.(67) for the mixed field φ A .
We then obtain 4 a k,A = cos θ a k,1 + sin θ ρ k * 12 a k,2 + λ k
where the mixing Bogoliubov coefficientsρ k 12 andλ k 12 are given by
with
It can be easily shown that
In a similar way, we can derive the following expressions for the remaining flavor operators
→ 0.
Conclusions
We have considered the problem of quantization of two mixed charged boson fields with different masses for a uniformly accelerated observer (Rindler observer). We found that the Bogoliubov tranformations related to the field mixing on one side and to the Rindler spacetime structure on the other side, combine in a non-trivial way, affecting observable quantities such as the Unruh radiation. Some results presented in this paper are preliminary: due to technical difficulties, it was not possible to obtain quantitative estimation of the obtained results. More study is necessary and work is in progress along this line [18] .
The analysis carried out in this paper, once properly extended to the fermionic case, may serve as basis for studying neutrino oscillations in curved spacetime: this is a problem of interest since, although the gravitational interaction is relatively weak compared to electromagnetic and weak interactions, there could exist cosmological and astrophysical scenarios where gravitational fields are rather strong, affecting non trivially the propagation of particles. Previous studies on the influence of the gravitational field on neutrino mixing and oscillations can be found in Refs. [19] . 
Substituting Eqs. (4) and (16) into Eq.(98) and using the hyperbolic coordinates (25), we obtain
The last integral can be solved by performing the following change of variables
By virtue of this transformation, we have 
With the further substitution
it follows that
By using the following integral representation of the modified Bessel function of the second kind
we finally obtain U (σ) Ω, k (x) = e σπΩ/2 2 √ 2π 2 K iσΩ (µ k ξ) e i( k· x−σΩη) ,
where we used the property K α (x) = K −α (x). 
